Let s = σ + it, where σ and t are real numbers and i 2 = −1. Given an analytic function f on a neighborhood of a vertical line σ + it, the growth exponent ψ(σ, f ) of f is the least nonnegative real number satisfying, as t → ∞, |f (σ + it)| ≤ t ψ(σ,f )+ǫ , for each ǫ > 0. Let ζ(s) be the Riemann zeta function. In this paper, we complete the description of the behavior of ψ(σ, ζ) on (−∞, 1). The Riemann Hypothesis is a corollary to the result.
Introduction
We denote the Riemann zeta function with ζ(s); it is defined for Re(s) > 1 by the formula ζ(s) = ∞ n=1 1 n s .
As well-known, ζ(s) extends to a meromorphic function on the complex plane, with a simple pole at s = 1. The main objective of this paper is to prove the Riemann Hypothesis: Conjecture 1. The real part of each nonreal root of ζ(s) is equal to 1/2.
As it is beyond the capability of the author to describe rigorously the modern mainstream approaches to Conjecture 1, the reader is advised to refer to [1] for a general description of them.
Let s = σ + it, where σ and t are real numbers and i 2 = −1. Given an analytic function f on a neighborhood of a vertical line σ + it, the growth exponent function ψ(σ, f ) of f takes the least nonnegative real number satisfying
for each ǫ > 0; it is a function of the real part σ of the complex variable s.
It is known that Conjecture 1 is equivalent [3, pp. 370 ] to the following theorem. In Section 2, we present the preliminary results which are required for a proof of Theorem 1, and we give a proof of Theorem 1 in Section 3.
Preliminary results
In this section, we list preliminary results which will be used in proving Theorem 1.
Lemma 1. [4, Exercise 4, Chapter 4]
Let f and g be continuous functions of a metric space X into a metric space Y , and let E be a dense subset of
Given a metric space X and a real continuous function f defined on a dense subset E of X, a continuous extension of f from E to X is a continuous real function g on X such that f (x) = g(x) for all x ∈ E. Lemma 2. [4, Exercise 13, Chapter 4] Let E be a dense subset of a metric space X, and let f be a uniformly continuous real function defined on E. Then f has a unique continuous extension from E to X.
A sequence of real numbers {a n } is said to be monotonically decreasing if a n ≥ a n+1 , for each n = 1, 2, . . . . 3 The proof of Theorem 1
In this section, we briefly present a proof of Theorem 1. All the symbols have the same meanings as defined above.
